Abstract. We introduce the moduli space of pointed real curves of genus 0 and the moduli space of admissible curves as its orientation double cover. Their strata correspond to real curves of different types and may be encoded by trees with certain decorations. By using the stratification of moduli of admissible curves, we identify its homology with graph homology of trees with corresponding decoration. We determine some of the relations in homology analogous to the relations in the homology of the moduli of stable S-pointed curves M S .
Introduction
The moduli space M S of stable S-pointed curves of genus 0 has been extensively studied in algebraic geometry as one of the fundamental models of moduli problems (see [Knu, Ke] ). In the last decade, a mathematical connection between the intersection theory of M S and matrix models in quantum physics has been observed. This has provided a precise context in which to apply combinatorial techniques from physics to a certain number of problems in complex algebraic geometry. This connection inspired the mathematical notions related to mirror symmetry, GromovWitten invariants and quantum cohomology (see [KM1, KM2] ).
At present, the corresponding connection between matrix models and real algebraic geometry remains unclear. At first sight, one can expect that the moduli of pointed real curves may play a similar role for an analogous theory in real algebraic geometry. The absence of a fundamental class gives a difficulty to using its homology in a way similar to the complex case. A promising alternative way is to consider the moduli of pointed pseudoholomorphic discs. The boundary of the compactification of these spaces encodes the information of the degenerations at the boundary of the corresponding pseudoholomorphic disc, (see [FOOO, L, N] ). On the other hand, every connected component of the moduli of pointed pseudoholomorphic discs is homotopy equivalent to the moduli space of pointed complex curves i.e. their homology does not carry information about the boundary of the disc. In [L] , Liu noted that the best one should expect are the virtual fundamental chains which is not satisfactory for intersection theory on such moduli spaces.
The aim of this study is to give the construction of the orientation double cover of moduli of pointed real curves of genus 0 and to determine the corresponding graph homology: The strata of M S parameterize such pointed curves with dual tree τ . Any morphism of labelled trees induces a morphism between corresponding strata. In this way the strata of M S form a topological cyclic operad. The operadic
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description of M S has been used by Kontsevich and Manin [KM2] to give a precise description of the intersection ring of M S as a linear cyclic operad. Labelled trees and their morphisms also provide concrete combinatorial bases to give real structures on M S . The real part of M S is a space stratified by the real parts of the complex strata. Each stratum may be described by a labelled tree with an involution, a cyclic ordering on invariant flags and an invariant partition on the rest of the flags. This technique allows us to distinguish the source of the nonorientability of the real part and construct its orientation double cover. The orientation double cover M (C,R) of the real part M (C,R) of (M S , c σ ) parameterizes the pointed real curves of genus 0 whose dual trees are admissible. As a final step, we obtain an explicit presentation of the homology for the orientation double cover as a graph homology corresponding to the given stratification.
The paper is organized as follows:
In Section 2, we introduce some basic notions for labelled trees. Section 3 contains a brief summary of facts about moduli space M S and its intersection theory. In Section 4, we introduce real structures on M S , and describe the combinatorial nature of corresponding real parts M (C,R) as moduli space of (C, R)-pointed real curves. Then in Section 5, we introduce (C, R)-pointed admissible real curves and construct the moduli of such curves as orientation double coverings M (C,R) → M (C,R) . Finally in Section 6, we determine the homology of the moduli of admissible real curves M (C,R) as homology of certain graph complexes. 
Notation
We denote by S n the permutation group of n letters. For a given involution σ ∈ S n i.e. σ 2 = id, we denote the fixed point set of the action on the set S, {i ∈ S|i = σ(i)} by R and its complement {α ∈ S|α = α := σ(α)} by C. We will use latin and greek letters respectively for the elements of R and C.
Trees
Definition 2.1. A graph Γ is a collection of finite sets of vertices V Γ and flags (or half edges) F Γ with a boundary map ∂ Γ : F Γ → V Γ and an involution j Γ :
set of edges and
A tree τ is a connected and simply-connected graph. If |v| > 2 for all v ∈ V τ , we call such a tree stable.
Unless explicitly stated, all trees will be stable.
Definition 2.2. An S-labelling of a tree τ is a bijection µ : T τ → S.
Through the paper we will call a stable tree with S-labelling (τ, µ) an S-tree and denote it simply by τ .
• The following diagram commutes
An automorphism of τ is a morphism φ τ : τ → τ where φ F and φ V are bijections. We say that the automorphism φ τ is an involution if φ 2 τ = id. For a given e ∈ E τ , there is a contraction morphism φ e : τ → τ /e such that
If τ is obtained by contracting some edges of τ ′ , we write τ ′ ≺ τ .
Trees with involution.
A given involution σ ∈ S n induces an action on the set of S-trees via relabelling, i.e. σ : If τ is invariant under relabelling i.e. σ(τ ) = τ , then the permutation σ determines an involution on τ . This is a direct consequence of the compatibility of labelling and the underlying tree. The permutation action can be pulled back to the set of tails via a labelling µ. The action on tails extends to the corresponding set of vertices {∂ τ (f )|f ∈ T τ } and to their flags. If we continue this procedure inductively, we obtain a sequence of sets of labelled subtrees with involution. Since τ is an S-tree, we extend the involution on τ in finite steps. We will use the same notation σ for the corresponding involution on S-trees.
An involution σ on an S-tree τ determines additional structure on τ , namely subsets of invariant vertices and flags as well as pairs of conjugate pairs of vertices and flags. We denote these subsets of invariant vertices and flags by V respectively. The σ-invariant subtree τ (σ) of τ is defined as follows: as a set of vertices we take
We depict the elements of F ±(σ) as wiggled flags. 
We denote σ-invariant tree τ with an o-planar structure by (τ, o) .
Note that, for a given vertex v ∈ V (σ) τ of (τ, o), there is an involution σ v which reverses the cyclic ordering at v and acts as σ on the partition {F
The equivalence classes of o-planar trees with respect to the action of the group
τ } are called un-oriented locally planar (u-planar for short) trees and denoted by (τ, u) .
The contraction morphism φ e on o-planar trees is defined by contraction of the edge e of the underlying tree. If e = (f * , f * ) and ∂ τ e = {v 1 , v 2 }, then we take
) and the cyclic ordering on invariant flags F (σ)
τ /e (v 1 ∼ v 2 ) is the one which gives the same ordering on restrictions to F (σ)
This determines a unique o-planar structure of the image.
2.3. R-equivalence of o-planar trees. We define the notion of R-equivalence on the set of o-planar trees by treating different cases separately. Fix s ∈ S and let v s = ∂ τ µ −1 (s) be the vertex supporting the tail labelled by s. Let (τ 1 , o 1 ), (τ 2 , o 2 ) be o-planar trees.
(1) If τ i 's have no or one invariant vertex (i.e. |V τ (σ) | = 0, 1), then we say that (τ 1 , o 1 ) and (τ 2 , o 2 ) are R-equivalent whenever (
, we first obtain (τ i , o i ) by contracting conjugate pairs of edges until there will be none. We say that (τ 1 , o 1 ) and (τ 2 , o 2 ) are Requivalent whenever τ 1 = τ 2 and
say that (τ 1 , o 1 ), (τ 2 , o 2 ) are R-equivalent whenever τ 1 = τ 2 and there exists e ∈ E τ (σ) i such that the trees (τ i (e), o i ) which are obtained by contracting all edges but e are R-equivalent in sense of case 2. We denote (τ 1 , o 1 ) ≃ (τ 2 , o 2 ) if they are R-equivalent. The R-equivalence classes are the maximal sets of pairwise R-equivalent o-planar trees and will be denoted by [τ, o] . We will call R-equivalence classes of o-planar trees admissible trees.
Notation.
A tree can have several of the attributes mentioned above. We now fix several sets of trees:
• T ree = the set of all S-trees.
• T ree(σ) = the set of all σ-invariant S-trees.
• PT ree(σ) = the set of all σ-invariant S-trees with u-planar structure.
• OT ree(σ) = the set of all σ-invariant S-trees with o-planar structure.
• RT ree(σ, s) = the set of admissible S-trees.
Pointed Curves and Their Moduli
3.1. Moduli of pointed curves. An S-pointed curve (Σ; p) is a connected curve Σ with distinct smooth points p = (p s1 , · · · , p sn ) ∈ Σ n labelled by S = {s 1 , · · · , s n }, satisfying the following conditions:
• Σ has only ordinary double points.
• The arithmetic genus of Σ is equal to 0.
An S-pointed curve is stable if its automorphism group is finite (i.e. on each irreducible component, the number of singular points plus the number of marked points is at least three). Two such curves (Σ; p), (Σ ′ , p ′ ) are isomorphic if there exists a bi-holomorphic equivalence Σ → Σ ′ mapping p s → p ′ s . Denote by M S the set of isomorphism classes of stable S-pointed curves. The space M S is a compactification of the moduli space M S of |S| distinct point configurations on P 1 C modulo the action of P SL 2 (C). An automorphism of P 1 C is determined by its action on three distinct points. Thus the open stratum M S of the orbit space forms a non-singular variety which is isomorphic to the product (P
Theorem (Knudsen, [Knu] ). For any |S| ≥ 3, the compactification M S of the moduli space is a smooth complete variety of complex dimension |S| − 3. There exists a universal family of stable curves π S : U S → M S which is isomorphic to M S∪{p * } .
3.2.
Combinatorial types of boundary strata. Each curve in M S corresponds to a tree of projective lines meeting transversally. It is convenient to think of isomorphism classes of pointed curves in terms of their (dual) trees.
The (dual) tree τ of a stable S-pointed curve (Σ; p) is given as
• vertices V τ = the set of irreducible components of Σ,
• edges E τ = the set of double points of Σ • tails T τ = the set of marked points • labelling µ : T τ → {s 1 , · · · , s n } = the ordering of labelled points.
Due to the stability condition, for every vertex v ∈ V τ its valency satisfies |v| ≥ 3. For any τ ∈ T ree, there is a sub-variety D τ ⊂ M n parameterizing the curves whose dual tree is given by τ . D τ is isomorphic to v∈Vτ M Fτ (v) . Its codimension equals the cardinality |E τ | of the set of edges E τ .
Theorem (Keel, [Ke] Figure 1) . U S is a fibred surface over P 3.3. Forgetful morphism. Consider S ′ -pointed curves (Σ; p s1 , · · · , p sn+1 ) where S ′ = S ∪{s n+1 }. We say that (Σ; p s1 , · · · , p sn ) is obtained by forgetting the labelled point p sn+1 . However, the resulting pointed curve may well be unstable. This happens when the component of Σ supporting p sn+1 has only two additional special 0 1 00 11 00 00 11 11 00 11 00 11 00 00 11 11 00 11 00 00 11 11 00 11 00 00 
s 2 Figure 1 . All strata of M S for |S| = 3, 4 and 5.
(labelled or nodal) points. In this case, we contract this component to its intersection point with some other component of Σ. With this stabilization we extend this map to whole space and obtain π sn+1 :
3.4. Intersection ring of M S . In [Ke] Keel gives an alternative construction of the compactification of the moduli space via a sequence of blowups of smooth varieties along the codimension two subvarieties. This inductive construction of M S allows us to calculate the intersection ring in terms of the dual classes D τ of the boundary divisors D τ .
For |S| ≥ 4, choose i, j, k, l ∈ S and τ ∈ T ree with |E τ | = 1. We write ijτ kl if tails labelled by i, j and k, l belongs to different vertex of τ . We call τ 1 = τ 2 compatible if there is no {i, j, k, l} ⊂ S such that simultaneously ijτ 1 kl and ikτ 2 jl.
The ideal I n is generated by the following relations:
(1) For any distinct four elements i, j, k, l ∈ S:
(2) D τ1 D τ2 = 0 unless τ 1 and τ 2 are compatible.
Additive and multiplicative structures of H
Consider any Z-tree τ . Any edge e ∈ E τ defines a boundary divisor D τ (e) which is obtained by contracting all edges of τ but e. Then there is a monomial
τ establishes a bijection between the good monomials of degree r in H * (M S , Z) and S-trees τ with |E τ | = r. Since boundary divisors intersect transversally,
Theorem (Kontsevich and Manin, [KM2] ). Classes of good monomials linearly generate H * (M S , Z).
Let τ 1 , τ 2 ∈ T ree and |E τ1 | = 1. In [KM2] , a product formula for the corresponding monomials is given in three distinguished cases:
(1) Suppose that ∃e ∈ E τ2 such that τ 2 (e) and τ 1 are incompatible (i.e.
For ijτ 2 (e)kl, we calculate the element R ijkl D τ2 = 0 mod I n . Clearly, elements of the second sum are incompatible with D τ2 . Therefore,
Here, D τ1 Dτ are good monomials, so they can be computed as in case (2).
It remains to give the linear relations for degree r monomials. Kontsevich and Manin give these relations in the following way: Consider an S-tree τ with
be the set of labels of tails belonging to branch f n . We choose pairwise distinct tails on the branches
does not vanish modulo I n then we get a good monomial of degree r. We can define two S-trees τ 1 is obtained by inserting a new edge e at v ∈ V τ with branches {f 1 , f 2 } F 1 and {f 3 , f 4 } F 2 . The second one τ
Theorem (Kontsevich and Manin, [KM2] ). All linear relations modulo I S between good monomials of degree r + 1 are spanned by the relations 1 for |E τ | = r.
For proofs and details, see [Ke, Knu] and [M1] chapter 3.
Pointed real curves and their moduli
A real structure on a complex variety X is an anti-holomorphic involution conj : X → X. The fixed point set X(R) = Fix(conj) of the involution is called the real part of the variety (or of the real structure).
4.1. Real structures on M S . The moduli space M S comes equipped with some natural real structures. The involution (Σ; p) → (Σ; p) acts on M S and defines a real structure on it. Here anti-holomorphic automorphisms (shortly antiautomorphisms) of a complex curve Σ = (C, J), where C is the underlying manifold and J is a complex structure on it, can be regarded as isomorphisms between Σ and its complex conjugated pair Σ = (C, −J).
All the anti-automorphisms together with the automorphisms of M S form the Klein group Kl(M S ). Clearly, the Klein group is Z/2Z-extension of the automorphism group Aut(M S ); in other words, there is a short exact sequence 1 → Aut → Kl → Z/2Z → 1. It is well known that M S is symmetric with respect to the permutation action, i.e. the symmetric group S n is a subgroup of Aut(M S ). For a given involution σ ∈ S n , lets assume the fixed point set R = {i 1 , · · · , i l } and its complement C = {α 1 , α 1 , · · · , α k , α k }. For such an involution σ, we have the following real structures
A stable S-pointed curve (Σ; p) living over the real part of c σ is a isomorphism class of nodal real curves; it is endowed with a real structure either fixing or conjugating irreducible components and special points: Let (Σ; p) ∈ Fix(c σ ), then there exists a bi-holomorphic equivalence f : Σ → Σ such that f (p s ) = p σ(s) . Therefore the irreducible component Σ v ∋ p α of σ is mapped to the component Σ v ∋ p α . The map f conjugates the singular points on Σ v and Σ v in a similar way. Every irreducible component f : Σ v → Σ v is isomorphic to P 1 C with a real equator P 1 R carrying points labelled by R (i.e. f (p i ) = p i ) and invariant nodes.
The fixed points of this real structure form the moduli space of (C, R)-pointed real curves M σ S (R). From now on we will denote it by M (C,R) (or by M (k,l) where |C| = 2k and |R| = l).
Example 2. The first nontrivial example is M S where |S| = 4. There are 3 types of real structures: c id , c σ1 , c σ2 where σ 1 = (s i s j ) transposes labelled points s i and s j and σ 2 = (s i s j )(s k s l ) transposes also labelled points s k and s l . These then give M (C,R) where (|C|, |R|) = (0, 4), (1, 2) and (2, 0) respectively. [DIK] ).
Stratification of M (C,R)
. By using the stratification of moduli space of Spointed curves M S given in Section 3.2, we may obtain a similar stratification for its real part M (C,R) .
Lemma 4.1. The complex boundary strata D τ intersect with M (C,R) iff τ = σ(τ ).
Proof. Note that c σ keeps the underlying manifold and only relabels the points. The combinatorial types of (Σ; p) and c σ ((Σ; p)) differ by relabelling the corresponding S-tree by σ. In other words, c σ maps D τ to D σ(τ ) anti-holomorphically. It gives a real structure on sub-varieties
Since all D τ are connected and pairwise disjoint, the real parts of D τ D σ(τ ) are obviously empty. Remember that D τ = v∈Vτ M Fτ (v) . The involution σ on τ encodes which vertex maps to which one, therefore c σ :
. It is easy to see that on D τ (R) the components corresponding to vertices must have conjugate configurations of points. Hence, the real part of such strata
4.3. Locally planar trees and refinement of stratification. For (Σ; p) ∈ M (C,R) , the real structure of the respective curve determines some additional structure in the form of an un-oriented cyclic order on the set of labelled and singular points staying in the real part and a partition of C into two disjoint sets. It is defined by considering the distribution of special points on the real part of the respective component of the curve and distributions of conjugate points on the halves of Σ \ Σ(R).
Here it is convenient for us to think of isomorphism classes of (C, R)-pointed real curves in terms of their u-planar trees.
Configuration spaces of points in C
+ . Consider the standard upper half-plane C + 0 = {z ∈ C|ℑ(z) > 0} and the real line P 1 R = {z ∈ C|ℑ(z) = 0} as its boundary (together with the point ∞). Denote by C + the compactified disc C
R preserve the order of tails. Thus we have Conf (τ,o) 
∆, where ∆ is the union of all diagonals. The automorphisms P SL 2 (R) acts on Conf (τ,o) (C + ). We denote the quotient space Conf (τ,o) 
Remark 4.2. Since P SL 2 (R) includes orientation reversing automorphisms, it identifies the quotients C (τ,o) and C σ v (τ,o) for all vertex v. Therefore, we can identify them as configuration space C (τ,u) of u-planar (τ, u).
The following theorem furnishes additional details of the M (C,R) . (τ,u) indexed by (τ, u) ∈ PT ree(σ) are isomorphic to
where (τ v , u v ) is a one-vertex subtree of (τ, u) which has v as vertex and F τ (v) as flags.
Proof. Lets start by looking at the open cells. According to the description above, the curve (Σ; p) ∈ M (C,R) is isomorphic to (P 1 C , conj; p) and the positions of points in one half of the curve are conjugate to the points staying in other half. Therefore, this isomorphism allows us to identify connected component M (τ,u) of M (C,R) with configuration space C (τ,u) . Now let us turn to the boundary of the closure of this strata in the complex space M S . Here, there are two different types of boundaries:
• points p α ∈ Σ v for α ∈ B ± ⊂ C and points p i ∈ Σ v (R) for i ∈ B ⊂ R, all move close to some point in Σ v (R), • points p α ∈ Σ v for α ∈ B ± ⊂ C, move close to each other but far from Σ(R). A general limiting configuration in M S is described by specifying the location of two or more points located at the same point x ∈ P 1 C , there is a uniquely determined finite subset of points of the tangent space T x of P 1 C , each defined up to translation and homothety. The key fact is: all degenerations must be invariant under the real structure on Σ. For the first type of degeneration, we have to consider translation and homothety which preserves the real line and for the second type of degeneration we note that there is also complex conjugate degeneration which is directly determined by the real structure on Σ.
The codimension 1 (resp. codim 2) boundaries are given in the product forms
). Here the second factor encodes the way marked points approach each other, seen through a "magnifying glass"(called a screen by Fulton and MacPherson [FM] ). Boundary of higher codimension can be obtained by iterating this description; applying it in turn to components of degenerate curves in a symmetric way with respect to conjugation. Figure 2 . Co-dimension 1 and codimension 2 degenerations According to the above description, we can stratify
. Therefore, the M (C,R) can be given as a stratified real manifold (τ,u)∈PT ree(σ) M (τ,u) where M (τ,u) are connected components of D τ (R).
The case M (0,l) has been considered in [GM, De, Ka] . In this case, the strata M (τ,u) are products of Stasheff polytopes i.e. they are homeomorphic to the disc.
Proposition 4.4. The moduli space of (C, R)-pointed real curves admits a universal family of curves π : U (C,R) → M (C,R) which is isomorphic to M (C ′ ,R) where
Proof. The universal family of (C, R)-pointed real curves π : U (C,R) → M (C,R) can be directly obtained as the restriction of the universal family of S-pointed complex curves π S : U S → M S . The elements of U (C,R) can be identified with S ∪ {α}-pointed curves (Σ; p s1 , · · · , p sn , p α ) where generically the respective Σ carries a real structure c and the set of sections {p s1 , · · · , p sn } ⊂ Σ is invariant under the action of c. Note that the curve Σ does not have such symmetry if it has a unstable component when we remove p α . We can embed
Hence, the closure of the image of this embedding parameterizes the (C ∪ {α, α}, R)-pointed real curves. In fact, this definition of the embedding extends trivially to all boundaries except the asymmetric case mentioned above. In order to extend the embedding to all of U (C,R) , we define (Σ;
where Σ ′ is real and has a additional component Σ v which is symmetric to Σ v ∋ p α . Since we place p α at c(p α ), the real structure keeps the set labelled points invariant. 
Definition 5.1. A (C, R)-pointed real curves with an R-equivalence class of decorations is called admissible curves.
The isomorphism classes of irreducible (C, R)-pointed real curves with respect to the orientation preserving automorphisms can be identified with point configurations in C + modulo the action of P GL 2 (R). If we order the halves of the curve Σ by Σ + and Σ − , this ordering will be preserved under the action of such automorphisms. Thus the combinatorial types of such admissible (Σ; p) can be determined by the one-vertex (τ, o) ∈ OT ree(σ). The open space of the isomorphism classes of admissible curves is stratified as
We denote by M (C,R) the moduli space of (C, R)-pointed admissible curves. Forgetting the ordering of the halves of the curves gives a 2 : 1 covering map M o (C,R) → M (C,R) .
Orientation of configuration spaces of points in C
+ . Let (τ, o) ∈ OT ree(σ) and C (τ,o) = Conf (τ,o) (C + )/P GL 2 (R). Since both Conf (τ,o) (C + ) and P GL 2 (R) are orientable, so is C (τ,o) .
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The configuration space C (τ,o) is topologically the same as C (τ,u) . They only differ by the natural orientation coming from the o-planar structure. Therefore, we may use the method of Proposition 4.3 to give the stratification of the closure 
Proof. Since the complex strata D τ in M S intersect transversally (see [Ke] ), their intersections in real parts are transversal. The faces of C (τ,u) in M (C,R) intersect transversally, so are the faces of C (τ,o) . Therefore, they are manifolds with corners. The essential difference between here and Proposition 4.3 is in determining the orientation δ(τ ′ ) = ±1 of the boundaries. Lets assume that |V τ | = 1 and i 1 < · · · < i l < i 1 be a cyclic ordering on R. By fixing (
where p α * ∈ C + 0 and 0 < p i1 < · · · < p i l−3 < 1. By use of this chart, the orientation on C (τ,o) is given by ω (τ,o) = dp α1 ∧ dp α1 ∧ · · · ∧ dp α k ∧ dp α k ∧ dp i1 ∧ · · · ∧ dp i l−3 .
The boundary face corresponding to (τ ′ , o ′ ) given in Figure 3 is parameterized the by the equations f = (p iq+r − p iq+1 ) + α * |p iq+r − p α * | − ε = 0 for α * ∈ F + τ ′ (v 1 ) where ε > 0 is small. On the other hand, we may give the orientation of the boundary by
Hence, if we choose the normal direction to boundary along p iq+r , we obtain df = dp iq+r and
q+r−1 * =1,··· ,k dp α * ∧ dp α * ∧ * =1,··· , q+r,··· ,l−3 dp i * .
By using coordinate transformations
, we rewrite the orientation of the boundary in terms of the orientations of configuration spaces corresponding to (τ vi , o vi ):
dp α * ∧ dp α * ∧ * =q+1,··· ,q+r−2 dp i * ∧ α * ∈F + τ ′ (v2) dp α * ∧ dp α * ∧ * =q+r−1,··· ,q dp i * .
We determine δ(τ ′ ) by applying local orientation formula in Figure 3 inductively.
5.3. Construction of M (C,R) . Consider the disjoint union of the configuration spaces C (C,R) = |Vτ |=1 C (τ,o) of (τ, o) ∈ OT ree(σ) with labelling µ : T ± τ → C and µ : T (σ) τ → R. We want to construct the moduli space of admissible curves without any boundary. We need to get rid of the faces by gluing them together.
Let us fix a tail t s * = µ −1 (s * ) and determine the R-equivalence classes in OT ree(σ). The faces corresponding to the R-equivalent o-planar trees are topologically the same configuration spaces. We glue the faces that correspond to Requivalent o-planar trees except the case (k, l) = (2, 0). It will treated separately in Example 3.
For R-equivalent (τ 1 , o 1 ) and (τ 2 , o 2 ), we glue the faces C (τ1,o1) and C (τ2,o2) with opposite orientation to obtain a oriented moduli space. Lets start with codimension 1 faces i.e. V τ
The orientation of corresponding faces are ω (τv 1 ,ov 1 ) ∧ω (τv 2 ,ov 2 ) and σ v (ω (τv 1 ,ov 1 ) ∧ω (τv 2 ,ov 2 ) ). By using the orientation formula in equation 4, we obtain
where ε(v) = (−1) kv+(lv −1)(lv−2) and
Since we glue faces with opposite orientation, we glue the faces C (τ1,o1) and C (τ2,o2) where the orientations are given as ω (τ1,o1) = −ε(v) ω (τ2,o2) , see Figure 4 . The configuration spaces corresponding to the R-equivalent (τ 1 , o 1 ) and (τ 2 , o 2 ) with |E τi | > 1 are the boundaries of the configuration spaces corresponding to (τ i (e), o i ). Since they staying at the closure of two glued faces of codimension 1 corresponding to (τ i (e), o i ) as opposite corners, they must be identified with the same orientations given by (τ i (e), o i ).
Theorem 5.3. M (C,R) is the orientation double cover of M (C,R) .
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Proof. Lets consider the Fulton-MacPherson strategy of compactification (see [Ke, FM] ) for the moduli space of S-pointed curves M S . The sub-varieties D τ ⊂ M S are exceptional divisors corresponding to the blow up of certain diagonals ∆ τ ⊂ (P 1 C ) n−3 (when |E τ | = 1) or intersection of these divisors (when |E τ | ≥ 2). Here, the naively compactified space (P 1 C ) n−3 carries the real structurec σ which is induced by the proper map M n → (P 1 C ) n−3 . Therefore, the space M (k,l) comes equipped with the map
In this picture, the real parts of the exceptional divisors D τ (R) are the locus of real blow ups of the real diagonals ∆ τ (R). Similarly, the real parts of the sub-varieties D τ (R) where E τ = {e, σ(e) = e} are complex blow ups of corresponding diagonals. The moduli space
by a sequence of blow-ups, the center of each being a sub-manifold mapping to one of these diagonals.
Here the main observation is, when a real orientable manifold is blown-up along an odd codimension smooth orientable sub-manifold, the result is still orientable, but when the codimension is even the result is not orientable anymore. This is a direct consequence of orientabilibity of the fibers of the projectivized normal bundle.
To obtain the orientation double cover M (C,R) of M (C,R) , we pick two copies of the initial manifold (P
and blowup the odd codimension diagonals (see Figure 5b) . Instead of the projectivization normal bundle of even codimensional diagonals , identify the normal bundles of two copies of diagonals via antipodal map (see Figure 5c ). The gluing formula in Section 5.3 is based on such an operation: The component Σ v s * which supports the point labelled by fixed s * is the main component. For (τ, o) ∈ OT ree(σ), the ∆ τ is the diagonal where points µ −1 (F τ (v)) for v = v s * collide. Therefore the codimension of the diagonal ∆ τ is |v| − 2. According to the gluing formula in Section 5.3, we reverse the o-planar structure at the main component when codim(∆ τ ) is even and reverse the o-planar structure on the other component when codim(∆ τ ) is odd.
The gluing of faces of larger codimension can be obtained by gluing the closure of codimension 1 faces in a compatible way. The corner C (τ,o) for (τ, o) ∈ OT ree(σ) is the intersection of faces C (τ (e),o) where (τ (e), o) is obtained by contracting all edges but e. To obtain a Haussdorf space we have to glue the corners of (τ (e), o) to the corners which are at the closure of all σ v ((τ (e), o)). The gluing strategy in Section 5.3 determines this property.
Remark 5.4. A double cover of M (∅,R) is considered in [Ka, De] . In these constructions, the reversing action σ v is considered always at the vertex which does not supports the flag labelled by fixed s * . It is equivalent to the blow up of all diagonals including even codimension ones. Therefore, the space that is obtained is not orientable.
Remark 5.5. The strategy that we introduced in Theorem 5.3 for constructing the orientation double cover of M (C,R) is suitable for constructing the orientation double cover of the space of point configurations on any real variety. 5.3.1. Forgetful morphisms. Let C ′ = C ∪ {α, α}, |C| + |R| > 3 and C (C,R) be the disjoint union of configuration spaces C (τ,o) of (τ, o) ∈ OT ree(σ). The map
is defined on every connected component C τ as the restriction of the map π {α,α} : M S ′ → M S to the strata C τ which forgets the pair of labelled points {p α , p α }. Lets assume s * ∈ {α, α} and consider the elements (Σ i ; p s1 , · · · , p α ) ∈ C τi which will be identified by gluing. Their images (Σ ′ 1 ; p s1 , · · · , p sn ) under theπ {α,α} have the same degeneration with R-equivalent decorations. In other words, they will be identified according to the gluing construction of M (C,R) . Therefore, we have a continuous forgetful map
Proposition 5.6. The moduli space of (C, R)-pointed admissible curves admits a universal family of such curvesπ :
Proof. Due to Proposition 4.4 and Lemma 5.2, the map in Equation 6 has the universal property. The claim follows by combining this with the above description of π {α,α} .
We can define a similar forgetful map for labelled points staying in the real part of the curves: Let (C, R ′ ) = (C, R∪{i}). There is an embedding M (C,R ′ ) ֒→ M (C ′ ,R) where C ′ = C ∪ {α, α}. This maps transplants a new real component to the point labelled by {i} which supports the conjugate pair of points {p α , p α }. Composition with the forgetful map π {α,α} gives the desired map π {i} :
6. Graph complex of M (C,R) 6.1. Homology of strata C (τ,o) .
Proof. Due to Lemma 5.2, the configuration space C (τ,o) is a manifold with corners. The tubular neighborhood of the boundary ∂C (τ,o) is locally isomorphic to 0, 1] . This allows us to move the boundary ∂C (τ,o) inwards; i.e. the manifold with corners C (τ,o) T (τ,o) is homotopy equivalent to C (τ,o) itself.
A real curve (Σ; p) ∈ C (τ,o) T (τ,o) doesn't have any real nodes. Let Σ v be the unique real component of (Σ; p) and p fα ∈ Σ + v be special points where
be a path such that as t → 1 all special points tend to p * . This introduces a deformation retraction r : (C (τ,o) ) is linearly generated by the classes of
= {v} andτ i be the corresponding F + τ ′ -labelled trees. Therefore, the relations in equation 1 can be directly translated as
where
Proof. (Proposition 6.2 and 6.3) The claim follows due to the homotopy equivalence C (τ ′ ,o ′ ) ≈ Dτ′ which is given in Lemma 6.1 and Kontsevich and Manin's description of cohomology of M S , see Section 3.4.1.
be the free Abelian group generated by the classes of
with m-edges, modded out by defining relations given in equation 7. Define the differential d :
where (τ ′′ /e, o) ∈ OT ree(σ) is obtained from (τ ′′ , o) by contracting an edge e ∈ E τ (σ) . The sign δ(τ ′′ ) = ±1 is given as in Lemma 5.2.
Proof. In Lemma 6.2 and 6.3 we determined a cell decomposition of each strata C (τ,o) in terms of OT ree(σ) by using the homotopy equivalence which respect the stratification. This cell decomposition admits the boundary operator d given in Lemma 5.2 (see Figure 3 ). This identifies generators and the boundary map of the cell decomposition of C (τ,o) and (G
) of the complexes modded out by gluing relations between R-equivalent trees C (τ1,o1) + ε(v)C T τ2,o2 = 0, which is given in Section 5.3.
To sum it up with Section 5 and 6.1:
Proof. In Section 5, we obtain the moduli of admissible curves M C,R by identifying the strata corresponding to R-equivalent o-planar trees. Hence, its cell decomposition will be given by direct sum cell decomposition of each strata modulo the identifications. The claim follows from the determination of the relations C (τ1,o1) + ε(v)C (τ2,o2) = 0 between R-equivalent trees. These are the relations that we have introduced while gluing the boundary of the strata in Section 5.3.
Multiplicative structures in H
, o) the o-planar tree with one (resp. a conjugate pair of) edge(s) obtain by contracting all edges except for e (resp. e and e = σ(e)). We may associate the factorization
to each strata. In other words, C (τ,o) is the intersection of the strata in left hand site. This is direct consequence of intersections of complex strata D τ in M S given Section 3.4. The factorization leads us the following multiplication formula: Lets (τ i , o i ) ∈ OT ree(σ) for i = 1, 2. Then, the intersection of corresponding strata
• the intersection of complex strata is nonempty i.e.
• the image of (τ, o) under the contraction map φ i : τ → τ i is R-equivalent to (τ i , o i ). The first condition determines the underlying S-tree and the second one determines the R-equivalence class o-planar structure of (τ, o) modulo the defining relations of G • . 6.4. Additive structures of H • ( M C,R ). The strata C (τ,o) satisfy a number relations that can be obtained by pulling back the relations via forgetful maps:
Let (τ, o) ∈ OT ree(σ) with |V τ | = 1.
• Lets consider the map π :
which forgets all labelled points except {i < j < k < l} ⊂ R and τ # be the corresponding dual tree with four tails. The configuration space C (τ # ,o) is just a closed interval, hence we can obtain the following relation among the boundaries of C (τ,o) by pulling back the relation on the boundary of C (τ # ,o) :
where |E τ ′ | = 1 and (τ, o) = (τ ′ /e, o) (see Figure 8 (a) for the relations in C (τ # ,o) ). In other words, R ijkl,o vanishes in the homology. Here ij(τ ′ , o)kl denotes that the tails labelled by i, j and k, l belongs to different vertices.
• Lets consider the map π : C (τ,o) → C (τ # ,o) which forgets all labelled points except {i < j} ⊂ R and {α, α} ⊂ C. Let τ # be the corresponding dual tree with four tails. Here, the configuration space C (τ # ,o) is again an interval.
Therefore, we can obtain the following relation among the boundaries of C (τ,o) by pulling back the relation on the boundary of C (τ # ,o) :
where |E τ ′ | = 1 and (τ, o) = (τ ′ /e, o) (see Figure 8 (b) for the relations in C (τ # ,o) ). Similar to the previous case, R ijα,o vanishes in the homology. Here ij(τ ′ , o)α denotes that the tails labelled by i, j and α belongs to different vertices.
• Lets consider the map π : C (τ,o) → C (τ # ,o) which forgets all labelled points except i ∈ R and {α 1 , α 1 , α 2 , α 2 } ⊂ C. Let τ # be the corresponding dual tree with five tails. Here, the configuration space C (τ # ,o) is a 2-dimensional disc. Therefore, we can obtain the following relation among the boundaries of C (τ,o) by pulling back the relation on the boundary of C (τ # ,o) :
where |E τ ′ | = 1 and (τ, o) = (τ ′ /e, o) (see Figure 8 (c) for the relations in C (τ # ,o) ). Similarly, R ijα,o vanishes in the homology. Here iα 1 (τ ′ , o)α 2 denotes that the tails labelled by i, α 1 and α 2 belongs to different vertices.
• Lets consider the map π : C (τ,o) → C (τ # ,o) which forgets all labelled points except {α 1 , α 1 , α 2 , α 2 , α 3 , α 3 } ⊂ C. Let τ # be the corresponding dual tree with six tails. Here, the configuration space C (τ # ,o) is interval times 2-dimensional disc. Therefore, we can obtain the following relation among the codimension 2 strata of C (τ,o) by pulling back the relation on the boundary strata of C (τ # ,o) :
where |E τ ′ | = 2 and (τ, o) = (τ ′ /{e, e}, o) (see Figure 8 (d) for the relations in C (τ # ,o) ). Similarly, R α1α2α3,o = 0 in the homology. Here α 1 α 2 (τ ′ , o)α 3 denotes that the tails labelled by α 1 , α 2 and α 3 belongs to different vertices.
The relations in G 1 and G 2 are similar to the relations introduced by Natanzon in [N] .
By using the linear relations in G 1 and G 2 , we can determine similar relations for whole G • . Let C (τ,o) ∈ G m−1 and v ∈ V (σ) τ . Now, let us consider C (τ ′ ,o) ∈ G m where (τ ′ , o) are obtained by transplanting an edge e at vertex v.
• For any {f 1 < f 2 < f 3 < f 4 } ⊂ F • For any {f 1 < f 2 } ⊂ F where f * f α1 (τ ′ , o)f α2 denotes the flags f * f α1 and f α2 are adjacent to different ends of the edge e. These relations are direct consequence of the relation in G 1 given above. There are similar relations for codimension 2 degenerations. But these relations coincide with the relations given in equation 7.
